This paper describes the identification and modeling of a test rig designed to study thermoacoustic instabilities. Various operating conditions with different flame structures are identified. Physicsbased models are used in a network model in order to advance the understanding of the phenomena involved. The parameters identified of the flame correlate well with the observed flame shapes. The transfer function from a loudspeaker input to a pressure reading is assembled and compared to measurements. Reflection coefficients are introduced to study the amplifying frequency ranges of the flame, which correspond to the highest peaks in the pressure spectrum.
INTRODUCTION
Modern gas turbines have to comply with continually more stringent emission regulations (NO x , CO etc.). Traditional methods of reducing NO x such as water and steam injection cannot reach those extremely low levels required. This fact led to the development of dry lean premixed combustion systems. They operate with excess air to lower the combustion temperature which in turn decreases the NO x levels. However, the lean regime makes the combustor prone to thermoacoustic instabilities. They may cause mechanical damage, increased heat transfer to walls, higher noise and pollutant emissions. This phenomenon is observed not only in gas turbines, but also in rocket motors, ramjets, afterburners, and domestic burners. Thermoacoustic instabilities arise due to a feedback loop involving fluctuations in acoustic pressure, velocity and heat release.
In order to mitigate these oscillations, active control strategies are employed. Typically, the pressure signal is sensed and used by a suitable control algorithm to control an actuator, for instance a loudspeaker or a secondary fuel injector. For the design of more advanced active controllers, an accurate model of the process must be obtained. Moreover, an analytic model also provides insight into the intricacies of thermoacoustic instabilities, and thus helps to improve combustors already in the design stage. This paper presents the network modeling approach, which is carried out for various operating conditions. It shows that the identified parameters correlate well with optical flame front measurements. Transfer functions from a loudspeaker input to a microphone signal are assembled, and found to agree well with measurements. In addition, reflection coefficients show that the flame drives oscillations in frequency ranges where also the sound pressure level is highest.
This paper is organized as follows: After an overview of the problem, previous work is reviewed. The test rig built at ETH is then presented and its operating conditions and flame shapes are characterized. The network modeling approach is introduced, where various blocks are analytically modeled and experimentally investigated. Finally, the model is assembled to yield the transfer function from a loudspeaker input to a pressure reading, which is then compared to measurement results. Reflection coefficients give important insight into the behavior of various elements.
PROBLEM DEFINITION 2.1. Thermoacoustic instabilities
The dry lean regime makes modern combustors prone to thermoacoustic instabilities, blowout, and flashbacks. The flame becomes much more sensitive to disturbances of pressure, velocity, and equivalence ratio. Thus, the flame anchoring and fronts are perturbed; shear layers and recirculation zones are altered. The acoustic damping of the combustion chamber is reduced, because of the lack of dilution air downstream.
An unsteady combustion process introduces pressure waves in the combustor. Their reflection from the boundaries modifies combustion and generates a (potentially unstable) feedback cycle. Lord Rayleigh first noted that if the heat release is in phase with the pressure fluctuations, the flame feeds energy into the acoustic field, which further increases the pressure fluctuations [1] . In a study of a swirlstabilized premix burner, it was found that large coherent structures are associated with instability [2] . The interaction between flow instabilities and acoustic resonant modes excites unstable modes, leading to periodic combustion in large-scale structures. Fuel feedline dynamics are another mechanism causing equivalence ratio fluctuations [3] .
A number of passive and active strategies have been employed in the past to mitigate these problems. The installation of dampers, baffles, and vortex generators is aimed at increasing damping and disrupting the phasing between heat release and pressure. On the other hand, active control algorithms monitor the pressure or another performance signal and take action accordingly, through an actuator such as a loudspeaker or an auxiliary fuel injector.
Previous work
Good overviews of feedback control for combustion oscillations are given in [3] and in [4] . Both discuss various modeling approaches and control strategies in detail.
Analytical models of the flame response to pressure and velocity fluctuations, in particular the n − τ flame model, are elaborated in [5, 6] . The acoustics are modeled based on a Galerkin approximation in [7] . Based on this analytical model, an H ∞ controller is designed with a loudspeaker as actuator. A nonlinear model is proposed
The observed flame types are shown in the top plot of Fig. 2 . They are a function of the preheat temperature T mix and λ afr , as displayed in the bottom plot.
For the lean flame types Ia and Ib, the combustion only takes place in the inner central recirculation zone. The flame front is located 10-15 cm (about two to three burner diameters) downstream of the dump plane. The flame with a height of about 80 cm (about 16 burner diameters) has an open conical shape. No pressure oscillations can be observed.
The flame type IIb features the largest pressure oscillations with distinct peaks in the pressure spectrum. The flame occupies both the inner and outer recirculation zones, and is more compact than Ib.
Figure 1:
An illustration of the ETH combustor. It works in lean premixed mode, burning natural gas in the lab-scale ALSTOM EV burner. A fuel injector is installed for control purposes, loudspeakers (LS) for system identification. Pressures are sensed with microphones (Mic). All dimensions in mm.
For richer and hotter mixtures of flame type IIIa, the flame stabilizes further upstream, closer to the burner outlet. This flame is approximately 5-10 cm (about one to two burner diameters) high and shows a compact envelope. The pressure spectrum indicates high noise levels, but no sharp peaks as in flame type IIb.
An more detailed characterization of the observed flame types is reported in [19] . A similar bifurcation of the flame burning in inner and outer recirculation zones is described in [20] .
Acoustic definitions
In order to evaluate the pressure sensed by the microphones, the spectral density L ps (f) as a function of the frequency f is used. It is defined as a sound-pressure spectrum level 
PHYSICS-BASED MODELING AND IDENTIFICATION OF THE NETWORK MODEL BLOCKS 5.1. The network model setup
The analytic model of the combustor is based on a network of various blocks. Each block represents a part of the combustor which is analytically modeled and experimentally identified [11, 16, 22] . This modular approach offers insights into the intricacies of thermoacoustic oscillations, because the behavior of the blocks can be studied rather easily.
More specifically, referring to Fig. 3 , the network model consists of an upstream end condition, where the air enters the upstream plenum chamber duct, followed by the labscale ALSTOM EV burner and the flame. The hot gases leave the combustion chamber duct through a downstream end condition. An actuator (loudspeaker or fuel injector) introduces acoustic velocity fluctuations into the system.
The signals connecting the blocks are acoustic pressure and velocity fluctuations. The blocks contain transfer matrices relating the outputs to the inputs. They are found analytically based on physical principles, and the relevant parameters are identified experimentally. This is done with a dynamic signal analyzer which sends a swept sine signal to the loudspeaker and monitors the pressure output of the microphones located up-and downstream of the burner.
Identification of the blocks
The acoustic field is treated as purely longitudinal, because the cut-off frequency of the duct is higher than the frequency range of interest (0-1500 Hz). This cut-off frequency is given by ω = 1.841c/a, with c being the speed of sound and a the duct radius [21] . For a temperature of 300 K with a duct radius of 90/2 mm, this yields a cut-off frequency of about 2000 Hz.
Moreover, the geometrical extents of the burner and the flame are small compared to the wavelengths of the acoustics involved, which allows to take only plane waves into account. In this case, the pressure and velocity fluctuations p′(t) and u′(t) are described by the Riemann invariants f(t) and g(t) in the following way, with ρ being the density:
This makes it possible to estimate the acoustic velocity and pressure at any position in the duct using only two pressure measurements with the so-called two-microphone method [23, 24, 25] . It is based on the property of the Riemann invariants that, at given positions x i and x j with mean flow u -, the following relationship applies (s = iω):
Problems are expected to occur if the distance between two microphones becomes equal to half the wavelength of interest. In the ETH test rig, this occurs for ambient conditions at 1600 Hz, and for hot conditions at 4000 Hz. Another problem may occur if a microphone is placed in a pressure node, but this did not cause any difficulties in the present study. The multi-microphone method uses more than two pressure sensors, such that an overdetermined system has to be solved for the Riemann invariants. In this study, the improvements are not significant. It becomes clear from eqn (3) that a scaled pressure fluctuation is the signal connecting the blocks in the network model. Once the velocity and pressure evolution on both sides of a network element are known, it becomes easy to extract the transfer function. In order to identify the transfer matrix of the burner T b (s), the combustor without flame is excited first with the loudspeakers upstream and then downstream. This assures two independent forcing setups, which are necessary for the determination of the four elements of this matrix. The transfer function matrix of the flame by itself T f (s) cannot be measured, but the combined transfer function matrix of the burner and the flame T bf (s) is determined as before with the flame burning. Knowing the burner transfer matrix T b (s), the flame block can easily be extracted:
In order to find the source term of the noise block N s , a measurement without forcing has been carried out, as described in [26] . This yields the pressure and velocity fluctuations just downstream of the flame, see Fig. 3 . Having already determined the responses of the upstream blocks (flame, burner, upstream duct and end condition), as well as the downstream blocks (downstream duct and end condition), it is straightforward to compute the contribution of the noise source term N s to the observed velocity fluctuation u′(t).
Reflection coefficients and impedances
With the aid of Riemann invariants, reflection coefficients at various positions are defined as a function of frequency, see Fig. 4 . In particular, the upstream reflection coefficient R up is measured at a location just upstream of the burner. It is defined as the ratio of the strength of a pressure wave returning from the upstream end f 2 , divided by the strength of a wave leaving the upstream burner location g 2 :
The reflection coefficients "looking" upstream R up,burner and R up,burner, flame are defined for a location just downstream of the burner. They provide information about the influence of the burner and the flame, respectively.
Similarly, reflection coefficients "looking" downstream are defined as R down, R down,burner and R down,burner, flame . The latter two again contain the effects of the burner and the flame, because they are located upstream of the burner.
Moreover, (scaled) impedances are defined as (8) Lastly, the reflection coefficients and impedances are related by the following properties (9) 6. RESULTS OF THE IDENTIFICATION 6.1. The up-and downstream ducts and end conditions A modal expansion method of the acoustic equation is presented in [27, 28] , where a velocity input u′(t) occurs at x j and the pressure p′(t) is read out at x k yielding the following state-space representation for one mode n: 
Figure 4:
The definition of various reflection coefficients.
where
The eigenvector for mode n is Ψ n (x), the eigenvalue is ω n, modal damping is α n , speed of sound c, Λ n = ∫ Ψ 2 n dV, A j and A k are the input and output areas, respectively. Increasing the number of modes is straightforward. The pressure can be read out at an arbitrary position inside the duct by manipulating the matrix C nk , and acoustic velocity inputs (e.g. from the loudspeaker) can be added by changing the matrix B nj .
Two important parameters are the length of the duct which determines the shape of the modes, and the speed of sound.
Due to mixing phenomena and cooling at the walls, it is difficult to find the correct value for the length of the downstream duct L down with combustion. Therefore, this length is experimentally identified without flow at room temperature. The temperature in the preheated cases is found on the basis of the length found previously. The linear phase drops (∠R(ω) = −2Lω /c) of the reflection coefficients R up and R down (see Sec. 5.3) are used to find the correct values at the respective temperatures.
Upstream reflection coefficient R up
The upstream reflection coefficient R up is the ratio of a pressure wave f 2 returning from the upstream end (the static mixer) to the burner location, divided by the strength of the wave g 2 sent out. Fig. 5 shows that the upstream reflection coefficient R up depends on the flow, and that more flow is correlated with more damping. Moreover, it is not a constant value, but rather one that depends on the frequency. The phase of R up (not shown) decays linearly and identically for both flows, indicating that the length of the duct has been modeled correctly (and that it does not depend on the flow).
The effect of the preheat temperature on the impedance Z up measured upstream of the burner is exemplified in Fig. 6 . Two preheat temperatures are considered, namely 300 K and 700 K. For a set preheat temperature of 700 K, the actual temperature relevant for the acoustics is 620 K, due to cooling at the walls.
Higher temperatures shift the absolute values of the impedance Z up to higher frequencies. Moreover, the phase of Z up stays within rad (not shown), which characterizes a passive end. The phase of R up is a straight line (not shown). The slope is lower for higher temperatures, because the speed of sound increases for higher temperatures. This causes a lower round-trip delay, and therefore less phase loss. The measured peaks of the impedances Z up indicate an acoustically closed-closed duct, because they are located at (12) Table 1 summarizes the calculated frequencies of the first four upstream modes for preheat temperatures of 300 K and 700 K, respectively. They agree with the location of the impedance peaks in Fig. 6 . The reflectivity is lower the more the downstream end is constricted, but only up to about 400 Hz. For higher frequencies, the trend is reversed. A regular pattern of spikes is observed in R down when the downstream duct is closed with the 20% plate and when it remains open. It is conjectured that the origin of this spiky behavior lies in the exhaust pipe, which is mounted after the downstream duct, as shown in Fig. 1 . When this pipe is blocked while the downstream duct remains open, the spikes disappear.
Downstream reflection coefficient R down
The reflection coefficient in the presence of an expansion chamber and multiple echoes is treated in [29] . In particular, an expansion chamber of length l and area A 2 is inserted between two pieces of a duct with area A 1 . If the downstream end of the second duct is assumed to be anechoic, the reflection coefficient of a duct in the presence of an expansion chamber R down,ec can be derived (speed of sound c, α = A 2 /A 1, ):
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Figure 7:
The effect of various downstream end conditions on the downstream reflection coefficient R down . The spikes are due to the exhaust pipe. The frequency response of R down,ec is plotted in Fig. 8 . It looks very much like the experimentally observed coefficients R down shown in Fig. 7 . This analysis thus shows that the exhaust pipe is responsible for the spiky behavior seen in the downstream reflection coefficient.
An improvement could be obtained if the exit reflection coefficient of the second duct is modeled using a Levine-Schwinger end condition [30] , and if dissipation is assumed for the area changes in the duct.
For the present study, the downstream end condition is modeled as acoustically open. With such an end condition, the downstream part of the combustor behaves like a quarterwave tube, where the frequency peaks are at This has been verified experimentally.
As a conclusion, the effect of various endplates is confined to the frequencies above 400 Hz, but the most amplified frequencies for the operating conditions studied are in the 200 Hz range. In practice, when the combustor is running, the endplates therefore do not have any decisive effect on the reduction of the pressure spectrum. Moreover, the addition of these plates causes the pressure and flow field inside the combustor to change, thus altering the operating conditions. This is why they have not been studied further.
In the literature, the standard modeling approach assumes constant reflection coefficients at both up-and downstream ends. The analysis above shows that such a simplifying assumption may not always be accurate. 
The subscripts 1 and 2 denote conditions up-and downstream of the element, respectively, M is the Mach number, c the speed of sound, and i 2 = -1. As it is hard to give a priori 
Figure 8:
The frequency response of R down,ec for an expansion chamber, given by eqn (13) .
values for the loss factor ζ and the reduced length L red , they are identified experimentally. The measured value of 0.2 m for L red is very close to the physical length of the burner, and ζ = 60. Note that two independent excitation experiments (up-and downstream) are necessary to determine all four elements of the matrix [10, 28] . The four elements of the burner transfer function matrix for the case 36/700 are shown in Fig. 9 . Measured values are plotted as solid lines, while the frequency response of eqn (15) , and the agreement is also good between theory and experiment. The lower right corner displays the element T b 22 , which, according to theory, should be equal to the area ratio A 1 /A 2 . This is indeed the case.
The dynamic element T b 12 is plotted in the upper right corner of Fig. 9 . It relates the upstream velocity to the downstream pressure fluctuations. Both in the phase and the absolute value, the model and measurement results agree very well. 
The flame and the n − τ model
A vast body of literature about flame modeling exists (e.g. [31, 32, 28, 33, 34, 35, 36, 37, 38, 39] ). For this study, the flame is modeled as an acoustically compact element causing a jump in the acoustic velocity due to heat addition, while continuity of pressure is assumed. The key assumption is that velocity fluctuations at the burner cause heat release fluctuations, after a time delay τ [15, 10, 40] . In our premixed combustor case, equivalence ratio fluctuations are not occurring, because the mixing happens so far upstream that pressure waves are most unlikely to influence it. The extended n − τ model is elaborated in [15] : (16) The time delay τ can be associated with a convective transport lag. This value also admits a Gaussian distribution with a standard deviation σ 2 τ , which is represented by the term . The value σ 2 τ describes the geometrical shape of the flame (time-delay spread). It is indeed observed that visibly longer flames are modeled by higher values of σ 2 τ . Finally, the interaction factor n depends on the preheat temperature T ph , and the downstream temperature T ds in the following way: n = T ds / T ph -1. The parameter k is a value close to 1, i 2 = -1, and ω is the frequency.
The measured and modeled transfer function matrix of the flame, expressed by eqn (16) , for the case 36/700/2.4 is displayed in Fig. 11 .
The upper left graph shows the absolute value and the phase of the element T f 11 , which is close to 1. The measured and modeled values are very close to each other. The lower left corner depicts the element T f 21 , which should be close to 0. The element T f 12 is given in the upper right corner, with a modeled value of 0. Noise is becoming a problem at frequencies around 1100 Hz.
Finally, the dynamic element is T f 22, which relates the upstream to the downstream velocity fluctuations. It is plotted in the lower right corner of Fig. 11 , and again in Fig. 12(a) , where it allows a better comparison with other operating conditions. Both the absolute value and the phase of the frequency response of T f 22 are captured well by the model. The dynamic influence of the flame vanishes for frequencies higher than about 300 Hz.
Further cases are compared in Fig. 13 , namely 36/700/2.4, 36/550/2.1, 36/700/2.1 and 40/700/1.9. As the flame becomes more unstable, the first dip of the absolute value of the frequency response moves to higher frequencies. In parallel, data acquisition becomes more difficult as there is more noise in the system. The parameters identified of the n -τ model are summarized in Table 2 . The experimentally observed behavior that the flame becomes more compact from flame type Ib to IIb and IIIa is reflected by the decreasing values for the distribution parameter σ τ shown in Table 2 . The fact that it retracts closer into the burner is seen in the decreasing value for the time delay τ . The product d of the flow velocity and the time delay is given in the last column, which correlates well with optical results. It gives an appreciation of the size of the respective flame types, and is in accord with the observations in [19] . The values identified for k are all close to 1. The interaction factor n is less accurately modeled, because it is difficult to find the correct downstream temperature.
The noise source term
When a volume of gas expands at constant pressure, direct combustion noise arises, which is characterized as an acoustic monopole. Engine power is the most important factor for this kind of noise, which has a blunt peak in the 300-500 Hz range for largescale engines [41] . But nonreactive flows also generate noise.
In this study, it has been found that the noise source term intensity N s roughly doubles when the flow increases from 30 g/s to 44 g/s, at ambient conditions. When the temperature is raised to 700 K, the flow velocity increases for the same mass flow and yet more noise is generated. For these cases, a first-order system well approximates the measured behavior of the noise source term.
The effect of a flame on the noise source term N s is reflected in Fig. 14 . It shows the measured term as solid line for operating conditions of 36/700/2.4 and 36/700/2.1. A second-order system fit is displayed as dashed line. Not only does the intensity increase, but a peak around 200 Hz is more pronounced for the more unstable case 36/700/2.1.
ASSEMBLING THE NETWORK MODEL 7.1. Transfer functions: ambient case 0/300
The aforementioned and identified blocks are now assembled to yield the transfer function. It is measured from the voltage applied to a loudspeaker, to the pressure measured by a microphone. The loudspeakers and microphones can both be mounted up-or downstream of the burner.
For the ambient case 0/300, the transfer functions for a downstream loudspeaker at 303 mm as input and microphones at 213 mm, 123 mm and -72 mm are shown in dashed lines. The qualitative behavior is matched very well, but the amplitudes are more difficult to predict accurately. Although only spaced apart by 90 mm, the transfer functions to the two microphones at 213 mm and 123 mm are quite different, and the model is able to match that. The phase plots exhibit slowly decreasing values. This is due to the time delay present between actuation and sensing, which increases with increasing distance between the two positions.
Reflection coefficients including the burner: case 0/300
The upstream looking reflection coefficient downstream of the burner R up,burner is shown in Fig. 16(a) . And the downstream looking reflection coefficient upstream of the burner R down,burner is shown in Fig. 16(b) . Both coefficients now include the combined effects of the burner and the subsequent duct. Measured values are represented by solid lines and theoretical predictions by dashed lines. Both plots show that the model accurately explains the measurements. They also show that the burner becomes acoustically more reflective for higher frequencies, indicating that sound transmission from the upstream to the downstream part is weak.
Transfer functions: preheated case 36/700
The transfer functions are now evaluated for the 700 K preheated case. They are shown in Fig. 17 , for microphone positions downstream and upstream at 213 mm and -72 mm, respectively. Loudspeaker forcing happens downstream at 303 mm. The qualitative match is again very good, and the modes are generally shifted to higher frequencies. The effect of the flame on the transfer function from a loudspeaker voltage input to a pressure reading is investigated here. The results are plotted in Fig. 18 , where the top plot shows the stable operating condition 36/700/2.4, and the lower plot the less stable case 36/700/2.1. The agreement between model and measurement is still good, even in the presence of a complicating element, namely the flame. However, the frequency of the highest peak is slightly overestimated for the case 36/700/2.1. A comparison of the two cases reveals that the 36/700/2.1 case has a higher resonance around 220 Hz, consistent with the observation that the measured pressure spectrum is also higher for this case.
Upstream reflection coefficients including the flame
This section compares the reflection coefficients R up, burner, flame for various cases. As described in Section 5.3, it is defined as the ratio of the Riemann invariants, which is just downstream of the flame and looking toward the upstream end. It therefore indicates the effect of the various flame types.
The four plots in Fig. 19 display the modeled (dashed line) and measured (solid line) absolute value of the reflection coefficient R up, burner, flame for the same flame types that have been the subject of the flame modeling study in Section 6. This plot shows that the flame acts as an active element in certain frequency ranges, and can thus lead to an unstable behavior of the combustor. Indeed, the amplification is due to the flame, because the upstream reflection coefficients (excluding the burner and the flame) are similar.
The pressure spectra of the four cases discussed are shown in Fig. 20 , with the lower plot zooming in onto the 0-500 Hz range. They show that more unstable flames exhibit a higher noise floor and higher peaks in the pressure spectra. Moreover, their location in the frequency range correlates well with the regions of amplification explained before and displayed in Fig. 19. 
Modeling of the pressure spectrum
The noise source term identified is now included in the network model to predict the pressure spectrum. The results are shown in Fig. 21 for the case 36/700/2.1. The general agreement is good, but the location of the first peak around 220 Hz is slightly off. Considering the many simplifications of this approach, this result is still remarkable. 
SUMMARY AND CONCLUSION
This paper has presented a network modeling approach to study thermoacoustic instabilities. The model is composed of various blocks, which are analytically modeled and experimentally identified. It has been shown that the model parameters determined correlate well with optical results from flame shape observations. The transfer function from the loudspeaker to a pressure reading has been assembled and compared to measurement results. The agreement is very good. The observed pressure spectrum is then modeled and again compared to measurements, which shows a good agreement. Moreover, investigations of reflection coefficients have shown that the flame acts as an amplifying element over certain frequency ranges -these are also the frequencies which are most prominent in the pressure spectrum. The validity of the network modeling approach has thus been verified.
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